ON THE GENERALIZED ASKEY- WILSON POLYNOMIALS 
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Abstract. In this paper a generalization of Askcy- Wilson polynomials is intro- 
duced. These polynomials are obtained from the Askey- Wilson polynomials via 
the addition of two mass points to the weight function of them at the points ±1. 
Several properties of such new family are considered, in particular the three-term 
recurrence relation and the representation as basic hypergeometric series. 



Dedicated to Paco Marcelldn on the occasion of his 60th birthday 
1. Introduction 

The Krall-type polynomials are orthogonal with respect to a linear functional u 
obtained from a quasi-definite functional u : P H- C (P, denotes the space of com- 
plex polynomials with complex coefficients) via the addition of delta Dirac measures. 
These polynomials appear as eigenfunctions of a fourth order linear differential op- 
erator with polynomial coefficients that do not depend on the degree of the polyno- 
mials. They were firstly considered by Krall in [23] (for a more recent reviews see [1] 
and [221 chapter XV]). In fact, H. L. Krall discovered that there are only three extra 
families of orthogonal polynomials apart from the classical polynomials of Hermite, 
Laguerre and Jacobi that satisfy such a fourth order differential equation which are 
orthogonal with respect to measures that are not absolutely continuous with re- 
spect to the Lebesgue measure. This result motivated the study of the polynomials 
orthogonal with respect to the more general weight functions [HI [20] that could con- 
tain more instances of orthogonal polynomials being eigenfunctions of higher-order 
differential equations [221 chapters XVI, XVII]. 

In the last years the study of such polynomials have been considered by many 
authors (see e.g. [21 El [T51 HSl IMl |2B] and the references therein) with a special 
emphasis on the case when the starting functional u is a classical continuous, discrete 
or g-linear functional with the linear type lattices (for more details see [21 [5] and 
references therein). In fact, for the g-case some examples related with the g-Laguerre 
and the little g- Jacobi polynomials were constructed by Haine and Griinbaum in [15] 
using the Darboux transformation. Later on, in [26], Vinet and Zhedanov presented 
a more complete study for the little g- Jacobi polynomials. In these both cases, the 
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g-Krall polynomials satisfy a higher order g-difference equations with polynomial 
coefficients independent of n. For the discrete case the problem was solved very 
recently by A. Duran using a new method (see O [13], for details). 

For the general g-quadratic lattice only few results were known. An important 
contribution to this case was done in where the authors considered a generalized 
Askey- Wilson polynomials by adding mass points. They showed that the resulting 
orthogonal polynomials satisfy a higher order g-difference equation with polynomial 
coefficients independent of n, only if the masses are added at very specific points out 
of the interval of orthogonality [—1,1]. Another contribution to this problem was 
done in [6] , where a general theory of the the Krall-type polynomials on non-uniform 
lattices was developed. In fact, in [6] the authors studied the polynomials Pn{s)q 
which are orthogonal with respect to the linear functionals u = u + Ylk=i ^k^x^ 
defined on the g-quadratic lattice x{s) = ciq^ + C2g~'' + C3 and considered, as a 
representative example, the Krall-type Racah polynomials (see also [7]). In fact, 
in [ni §5], we posed the problem of obtaining a generalization of the Askey- Wilson 
polynomials by adding two mass points at the end of the interval of orthogonality, 
motivated by the results in [T7] . 

Thus our main aim here is to study the orthogonal polynomials obtained via 
the addition of two mass points at the end of the interval of orthogonality of the 
Askey- Wilson polynomials. The structure of the paper is as follows. In Section 2, 
some preliminary results on the Askey- Wilson polynomials are presented as well as 
the most general expression for the kernels on the g-quadratic lattice x{s) = cig** -|- 
C2Q'~* + C3. Our main results are in section 3, where we introduce a detailed study of 
the generalized Askey- Wilson polynomials obtained from the classical Askey- Wilson 
polynomials by adding two mass points at =f1. 



2. Preliminary results 

Here we include some results of the theory of orthogonal polynomials on the non- 
uniform lattice (for more details see e.g., [H 125] ) 

(1) x{s) = ciq' + cag"' + C3. 

The polynomials on non-uniform lattices Pn{s)q := P„(x(s)) are the polynomial 
solutions of the second order linear difference equation (SODE) of hypergeometric 
type 

A.,y{s + 1) + B,y{s) + C,y{s - 1) + A„y(s) = 0, 

(2) , _ a{s) + T{s)Ax{s~\) a{s) j, = _ . _ r 

Aa:(s)Ax(s - i) ' ^ Vx{s)^x{s-\y ' ' " 
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where a{s) and r(s) are polynomials of degree at most 2 and exactly 1, respectively, 
and A„ is a constant. They are orthogonal with respect to the linear functional 
u : Pg i-T- C, where Pg denotes the space of polynomials on the lattice ([1]), 



/•Xl 

(3) {U, PnPm) = Smndl, (u, P) = / P{x)qp{x)dx 

J XQ 

where p is the weight function and (i^ := (u, P^). 

Since the polynomials Pn{s)q are orthogonal with respect to a linear functional, 
they satisfy a three-term recurrence relation (TTRR) [H [11] 

(4) x(s)P„(s)g = a„P„+i(s)g + /3„P„(s)g + 7„Pn_i(s)q, n = 0,1,2,..., 

with the initial conditions Po{s)q = l,P_i(s)q = 0, and also the differentiation 
formulas [H Eqs. (5.65) and (5.67)] (or Eqs. (24) and (25)] 

VP (s) — 



(6) HS) . f = «nP„+l(s), + (3nis)Pnis)g, 



AP„(g 

Ax(s 

where $(s) = o"(s) + r(s)Ax(s — |), and 



On = Sn = /3„(s) = 1^^^^, /3n(s) = (3„{s) - A„Ax(s - i). 

Notice that from ([6]) and the TTRR (j4]) the following useful relation follows 

(7) Pn-i(s)g = e(s, n)P„(s)g + S(s, n)P„(s + l)g, 

where 



e(s,n) "'^ 



^x(.)-/3„)+3n(^) 



a„7„, [Aa;(s) [2n 



^, . an $(s) 



a„7„ Aa;(s) ' 



Using the Christoffel-Darboux formula for the ra-th reproducing kernels 

T . / / X /XX Pk{si)qPk{s2)q Otn Pn+l{Sl)qPn{s2)q - Pn+l{s2)qPn{si)q 

K„HsMs.)) := L = ^ x(.0-xM ' 

and the relations ([5]) and (j6]), respectively, to eliminate Pn+i, we obtain the following 
two expressions 

K„(x(.),x(.„)) = H^iM ( '^f°'-^-y p„(..), + ^MY^x 

ftnCtn I a;(s)-x(so) x{s)-x{so) Vx{s) J 
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K„(x(s),x(so)) 



(9) 



a„d2 I x{s) - x{so) 

an $(go) AP„.(so)g 
_ x{so) Ax(so) 



" — x{so) Ax{s) 

Puis),. 



Let us mention here that the above two formulas generahze to an arbitrary value Sq 
the Eqs. (9) and (10) obtained in [HI page 184]. 

Next, we introduce the Askey- Wilson polynomials defined by the following basic 
series [9] (for the definition and properties of basic series see e.g. [H]) 



Pn{x{s))q := P„(x(s), o, 6, c, d\q) 



(10) 



{ab, ac, ad; q)n 
(2a)"(a6crfg"-i; g)„ 



ah, ac, ad 



q,q ■ 



2 ' 



Notice that the Askey- Wilson polynomials are defined on the lattice x{s) 
gs _ g«6i jj^j^ which is a particular case of ([T]) when Ci = C2 = 1/2 and C3 = 0. Their 
main characteristics (see Eqs. ([3]), (jl]), ([S]), (E])) are given in Tabled] 
Using the identity [U page 156] (see also [HI page 201]) 

fc-i 

(a(?'';g)fc(a<7-^;<7)fc = (-l)*^aV^^^ fl t^^^^) " i^Q' + ^'^Q'') 
we can rewrite ffTOj) as 
P„(x(s))g 



i=0 



{ab, ac, ad; q)n (o' ^,ahcdq^ ^'■,<l)k k 

-iTi-i. _ 2-^ ' ■'^ -J — ^ 



{2a)"{abcdq" ^;q)n'~ {ab,ac,ad,q;q) 



k=0 
k-l 



X 



^^fc^Y(^) JJ 2x(s) - {aq 



i=0 



Notice that for x{so) = —1 and x{si) = 1, we obtain, respectively. 



_ {ah, ac, ad; q)n 
~ {2a)^{abcdq"-^; q)n 



4V53 



g ahcdq 



n-l 



-a, —a 



_ {ab,ac,ad;q)n 

(2a)"(a6cdg"-i;g)/'^' 



a6, ac, ad 

abcdq"-'^, a, a 
ab, ac, ad 
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Table 1. Main data of the monic Askey- Wilson polynomials [IS] 
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Puis) 


Pn(x{s),a,b,c,d\q), x{s) = 3l+fl^ qs ^e^o ^ Aa^(s) = 2^ [g= - g- = -i] 


P{S) 




2tt\'1 — x'^ (abed; q)och{x, a) h(x,b)h(x,c)h(x, d) t-o 
Eo = — 1, xi = l, a,b, c, d £ M. or complex conjugate pairs if a,b, c, d £ C and max( a| , |6 , c|, |ci|) < 1 


a{s) 


g-'^fg" - a)(g" - 6)(g" - c)(g" - d) 




g''^(g-= - a)(g-^ - b){q-^ - c)(g-» - d) 




-^j^ ^ — [ah + 0,0 + + 6c + &(i + cd)x(s) — ^ j^y^ ^ — Tpr^ (a + 6 + c + (i) 


-r„(s) 




An 


4g-"+'(l - g")(l - ahcdq""-^) 




2^^^{q.^ ah^ ac, ad^ hc^ bd, cd^ abcdq^^; g)oo 

( nhr'rJni^ — ^ • n\ ( + 1 nhn'>T' nr-n^^ nr}n^ hfrti^ hrln'^T' rrfri^ nhnrl- n\ 




1 r (l-abg")(l-acg")(l-adg")(l-afecdg"~^) a(l-g")(l-6cg"-M(l-6dg"-^)(l-cdg"-i) 


2 1 a(l - a6cdg2"-i)(l - a6cdg2") (1 - a6cdg2"-2)(l - a6cdg2"-i) 




1 (l-g")(l-afeg"-^)(l-acg"-^)(l-adg"-i)(l-&cg"-i)(l-6dg"-^)(l-cdg""^)(l-afecdg"-2) 
4 (1 - a&cdg2"-3)(l - afecdg2"-2)2(i _ abcdq^^-^) 


cen=an 










^„(s) - 4g-"+i(l - g")(l - a6cdg"-i)Aa;(s - i) 



In a similar fashion we get 

AP„(-1), = P„(x(so + 1)) - P„,(x(so)) = a(l - - a 



(a6, ac, ad\ q), 



X 4V53 



abcdq^~^, aq, aq 



ah, ac, ad 



AP„(1), = P„(x(si + 1)) - P„(x(si)) = -ail - q-^){l + a 



{ah, ac, ad; q). 



X 4V93 



(2a)"(a6cdg"-i; g) 

ahcdq""'^, —aq, —aq 
ah, ac, ad 



By inserting the values of Askey- Wilson polynomials given in Table [T] into ([7]) we 
arrive at the following identity 

(11) P„-i(x(s)), = Qis, n)P„(x(s)), + E{s, n)Pnix{s + 1))„ 
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(1 - a5gr"-i)(l - acg"-i)(l - adg"-i)(l - &cq"-i)(1 - - cdg"-i) 



e(s,n) 



(1 - a6cd(7""2)(^l/2 _ g-i/2)(i _ gn)Ax(s) ' 
9 



"-1(1 - ahcdq^''-^){l - abcdq^'^-'^f 



(1 - a6(7"-i)(l - acg"-i)(l - adg"-i)(l - 6cg"-i)(l - - cdg"-i) 

1 f <^{s) 



(1 - a&cdg"-2)(gi/2 _ g-i/2)(i _ g«) I Ax(s) 



+ 2g-" + l(ql/2 _ 5-i/2)(i _ abcdq^''-^) 



(1 - &cq"-i)(l - 6<ig"-i)(l - cdq"-^)i 2q-^+^{q^^^ - - abcdq-"-^) 



{1 ~ abcdq'^'^-^){l - abcdq 



2n~l) 



ab + ac + ad + bc + bd + cd 



|2g"(afe+ac+ad+6c+6d+cd).T(s + f) - g"/2(a + 6+c+(i)| 
Aq-'" + Hl - q"){l - abcdq"-^)Ax{s - i) L 



3. The generalized Askey- Wilson polynomials 

In this section we consider the modification of the Askey- Wilson polynomials (ITOi) 
by adding two mass points, i.e., the polynomials orthogonal with respect to the 
functional u = u + A6{x{s) — x(so)) + B6{x{s) — x(si)), where u is defined in 
Xq := x{so) = —1 and Xi := x{si) = 1. 

By using [HI §3] the representation of the modified Askey- Wilson polynomials can 
be constructed 

(12) 

P^'^'ixis)), = Pnix{s)), - AP„^'^(-l),K„_i(x(s), -1) - i?P„^'^(l),K„_i(x(s), 1), 

then the system of two equations in the two unknowns P^'^{—l)q and P^'^{l)g 
becomes 

Pn'^'i-l^ = Pni-l), - AP„^'^(-l),K„„i(-l, -1)) - BP,f'^(l),K„„i(-l, 1), 

P„^'^(l), = P„(l), - ApAi^(-l),K„_i(l, -1) - BP:^'^ {1),K^.,{1, 1), 
whose solution is 

/P^f ^ A + AK„„,(-1, -1) PK„„i(-l, 1) \ ' fPn{-l)A 

VP„^-^(1)J V ^K„_i(l,-1) l + PK„„i(l,l)J ^Pn(l)J- 
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Notice that VA, B > 0, 



(13) :=det 



l + AK„_i(-l,-l) 5K„_i(-l,l) 
AK„„i(l,-l) l + 5K„_i(l,i; 



> 0. 



Thus, by [3 Proposition 1] the polynomials P^'^(s)g are well defined for all values 
A,B > 0. Furthermore, 



(14) 



:i + BKn-ljl, l))Pn(-l)g - PK„_i(-l, l)Pn(l)g 
K„_l(-l,l) 

:i + AK„„i(-l, -l))Pn(l), - ^K„^l(l, -l)Pn(-l), 

fi;„_i(-l,l) 



where k„_i(— 1, 1) is given in flT5]) . 

The modified Askey- Wilson polynomials satisfy the following orthogonality rela- 
tion 



£^ Pn^^{^\P^n^{^)A^)dx + AP„^'^(-1),P^'^(-1), 

+ PP„^'^(l),pAB(l), = 5.,^d^, 



where p and dn denote the weight function and the norm of the Askey- Wilson 
polynomials (see Table fllfl) and 



< = (u, P^{x)) = < + AP„^'^(-1),P„(-1), + PP„^'^(1),P„(1),. 



Representation formulas for the generalized Askey- Wilson polynomials. 

Consider the representation formula f fT2|) where the ra-th kernel can be computed 
by the formulas (|H]) and Q- In fact, by using the main datas of Askey- Wilson 
polynomials (see Tabled]) in OH]), we obtain 



(15) K„_i(x(s),-l) = x_i(s,n)P„_i(x(s)), + x_i(s,n)^^^i|P^, 



"'^We have chosen p[s) in such a way that J^^_i p{x)dx = 1, i.e., to be a probabihty measure. 
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where 



{abcdq^ ; q)n~i{abcd, (f.ahq^ ,acq^ ^,adq^ ^,hcq^ ^ ,hdq^ \cdq^ , g) 
2-2n+2g(^gi/2 _ q-^/'2^(^abcdq'^"-~^; q)oo{(l, oh, ac, ad, be, bd, cd; q)oo 



71 — 1 n — 1 



_ g-i/2)(i _ abcdq''"^)[ '^Y^ + <^ + ^)] 



x{s) + 1 
(1 - - abcdq''-^)Ax{s - \ 



+ 



x{s) + 1 
2(l + a)(l + 6)(l + c)(l + c/) 



Pn-i(-l) 



AP„_i(-l) 



(g + g-i-2)[x(s) + l] 

{abcdq^"'^] q)n~i{abcd, q^\abq'^~^ ,acq^~^ ,adq'^~^ ,bcq'^~^ ,bdq'^~^ ,cdq''^^^ ; q)c 
2-2"+4g-"+2(gi/2 _ q-y'i)(abcdq'^''-^; g)oo(g, ab, ac, ad, be, bd, cd; q)oo 



x{s) + 1 



Pn,~l(-1), 



(16) 
where 
xi(s,n) 



K„_i(x(s), 1) = n)Pn-i{x{s))g + xi(s, n) 



APn-i{x{s)\ 
Ax{s) 



{abcdq^ ; q)n-i{abcd, q'^,abq^'' ^ ,acq^ ,adq^ ^,bcq^ ^,bdq'^ ,cdq^'' , g) 
2-2n+2g('gi/2 _ q-^/'i^i^abcdq'^'^~^; q)oc{(l, oh, ac, ad, be, bd, cd; q)oo 



q^^^q^n _ g-V2)(i _ abcdq^-^)[ 



?i — 1 _ n — 1 



x{s + ^)] 



xis) — 1 



Pn-l(l) 



>ii[s,n 



X 



(1 - g")(l - afecdg""i)Ax(s - i; 
x(s) — 1 

2{l-a){l-b)il-c){l-d) 

(g + g-i-2)[x(s)-l] """^^-^^'^ 

{abcdq"-'"^; q)n-i{abcd, q^ ,abq^~^ ,acq^~^ ,adq^~^ ,bcq^~^ ,bdq'^~^ ,cdq^~^; q)c 
2~2n+Aq-n+2(^qi/2 _ q~i/2^ (^abcdq^"^-^ ; q)oo{q, ab, ac, ad, be, bd, cd; g)oo 



-Pn-i(l). 



x{s) — 1 

By substituting flTS]) and f lTO]) into f[T^ . one finds 



(17) P,^'«(a;(s)), = Pn(a;(s)), + A(s, n)P„_i(a;(s)), + B{s, n 



-. , AP„_i(x(s)), 



Ax{s) 
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A{s, n)=- ApAi?(-l),x„i(s, n) - i?P^^'^(l),Xi(s, n), 

B{s, n)=- ApAi^(-l),x_i(s, n) - BP^^^ {l)^x,{s, n), 

where P^'^{—l)q and P^'^{l)g are given in (fT^ . Notice that the involved functions 
A and B as well as AP„_i(s)g/Ax(s) in f ll7p are not, in general, polynomials in 
x{s). Thus, it is not easy to see that P^'^{s)q in f|T7|) is a polynomial of degree n in 
x{s) which is even a simple consequence of f[T^ . Notice that if we use ([H]) instead of 
Q we can obtain a formula similar to f lT7|) but in terms of the backward difference 
operator. 

From the Christoffel Darboux formula and the TTRR for the Askey- Wilson poly- 
nomials another representation formula for the modified Askey- Wilson polynomials 
follows (see e.g. §3 in [6]) 

(18) 0(s)P„^'^(x(s)), = A{s; n)Pn{x{s))q + P(s; n)P„_i(x(s))„ 

with the coefficients 

ct>{s) = [x{sf - I], 

A{s,n) = 0(s) - J-|Ai5f'^(-l),P„_i(-l)Jx(.) - 1] 

(19) 

+ BP^^^{l\Pn^,m<s) + l]\ 

i?(^,n) = -^{AP„^'^(-l),P„(-l),[x(s)-l] + PpAB(l),P„(l)Jx(s) + l]} 

where P^'^(-l)q and P^'^(l)g are defined in (JH]). 

Furthermore, there is one more representation formula for the modified Askey- 
Wilson families which can be obtained by substituting the relation (fTTj) in ( !T8|) 

(20) 0(s)P„^'^(x(s)), = a{s- n)P„(x(s)), + h{s- n)Pn{x{s + 1))„ 

where a(s; n) = yl(s; n) + P(s; n)6(s; n), 6(s; n) = B{s; n)S(s; n), and A, B and 9, 
S are given by (fT9i) and (fTTi) . respectively. 

If we change in ( 120|) s by s + 1 and s by s — 1 and then use ([2]) to eliminate 
Pn{x{s + 2))q and P„(x(s — 2))^, respectively, we obtain 

(21) u{s)Pn{x{s + l))q = C(S, n)P„(x(s))g + d{s, n)Pn{x{s + l))q, 

and 

(22) v{s)Pnixis - l))q = e(s, n)Pnix{s))q + /(s, n)P„(x(s + 1))„ 

respectively, where u{s) = As^i(j){s + 1), c{s,n) = —Cs+ib{s + l,n), and d{s,n) = 
As+ia{s + l,n) -b{s + l,n){\n + Bs+i), v{s) = Cs4>{s- 1), e{s,n) = Csb{s-l,n) - 
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a(s-l,n){Xn + Bs), and f{s,n) = -A,a(s - 1, n). Then ([20]), (E]) and ([22]) lead to 



(23) 



0(s)P„(x(s))g a{s,n) b{s,n) 
u{s) Pn{x{s + l))g c{s,n) d{s,n) 
V (s) Pn{x{s - l))g e(s,n) /(s,n) 



0. 



Expanding the determinant f[23]) by the first column, we get the following second 
order linear difference equation for P^'^{x{s))q 

(24) 0(s, n)Pn{x{s - 1)), + ^(s, n)Pn{x{s))g + ^{s, n)Pn{x{s + 1)), = 0, 

0(s, n) = v{s) a{s, n)d{s, n) — b{s, n)c{s, n) 
ip{s, n) = 0(s) c(s, n)f{s, n) — d{s, n)e{s, n) 
i{s,n) = u{s) b{s,n)e{s,n) — a{s,n)f{s,n) 

Thus, the generalized Askey- Wilson polynomials satisfy a second order linear differ- 
ence equation (12^ with polynomial coefficients which explicitly depend on n. 

Moreover one can obtain the TTRR of the monic generalized Askey- Wilson poly- 
nomials with two mass points (for details see Eqs. (20), (21) in [^j) 



x{s)P:^'^{x{s))g = P^fAx{s))g + /3„P„^'^(x(s)), + 7„P„":T(a^(s)),, neN 



where 



P„^'^(-l),P„_l(-l), PX{-l\Pn{-l 



A,B, 



Pn = Pn-A 



dl 



P„^'^(l),P„_i(l), P„"f,^(l),P„(l), 



A,B, 



B 



In = Ir, 



dl 



. ^5 _ AP„"'"(-i),p„(-i), , i?p„"'"(i),p„(i), 



A.B, 



d'^ 



+ ■ 



d'^ 



Representation of P^'^{x{s))g in terms of basic series. In this section, we obtain an 
explicit formula for P^'^{x{s), a, b, c, d\q) in terms of basic hypergeometric series. In 
fact, substituting ([TO]) into ([T8l) we obtain 

(ab, ac, ad; q)n-i (?"") abcdq^~'^, aq^ , aq~^] q)k 



( \pAB( ( \\ _ y"'^' q)n-l \- yq , auoug ,uq ,aq , q)k kjr I 

[S)l^^' (X(sjj,-^2a)n-i(a6crfg«-2;g)„„i£. {ab,ac,ad,q;q), ^ ''^^^ 
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where (pis), A{s,n) and B{s,n) are given in f|T9|) and 

^,(l-a6g'^-i)(l-acg"-i)(l-adg"-^)(l-a6cdg'^+*^-2) 



ni(g^)=A(s,n)- 



(25) +B{s,n) 



2a(l - a6ccig2n-3)(i _ Q5cdg2n~2) 



1-q- 



where 



oaAc. ^ (1 - abq^-')il - acg"-^)(l - adq^-')il - 
2a(l - a6cdg2n-3) (1 _ ahcdq^^-'^) 



By taking into account the identity {q^ — ^; g)fc = (1 — <1^){(1^ ^] (l)k we obtain 



(26) 0(.)P„^'^(x(s)), =Z^f '-^(.)5V^4 ( "^X"c;aT g-C 
where 

Remark 1. Notice that (j)[s)P^'^{x{s))q, in the left hand side of ^2B^) . is a poly- 
nomial of degree n + 2 in x{s) which follows from / fig)) and [W\) . In order to see 
that formula [2D\] gives a polynomial of degree n + 2 it is sufficient to notice that 
the function Hi defined in l[25\} is a polynomial in x{s), which follows from that fact 
that A{s,n) and B{s,n) are polynomial of degree 2 and 1 in x{s), respectively, [W\] . 

Remark 2. We note that the properties of the modified Askey-Wilson polynomials 
with one mass point at x = ±1 can be obtained from the ones with two mass points 
by putting A = or B = 0, respectively. 

Remark 3. We remark that the relation between Askey-Wilson Pn{x;a,b,c,d;q) 
polynomials defined in / flOj) and q-Racah polynomials u'^'^{iJ,{t),a,b) defined on the 
lattice fi{t) = [t]g[t + l]g = ci{q' + g"*"!) + 03, Ci = gi/2(gV2 _ g-i/2)-2 _ 
-g-i/2^1 + g)(gi/2 _ g-i/2)-2 f^ii^^^ 

P„(2cig-i/2^ + C3,g^+ig''-^+ig"+''+^g-^+^;g) = <''^(/^(t),S, 6) 



(gl/2 _ g-l/2)2n 
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by setting e^*^ = g^** = g^*"*"^, where 



;(i)n 



+/3+n.+l. 



X 4V53 



„— n „a+/3+n+l „a—t „t+a+l 
„a-b+l ^/9+l „a+6+Q+l 

y ; y ! y 



y, y 



Combining the above limit, with the ones considered in ^ §4.2] we can construct 
the analog of y-Askey Tableau for the Krall-type polynomials. For more details on 
how one should take the limits we refer to the paper [2T| . 



Concluding remarks 

In this paper we have constructed a generalized Askey-Wilson polynomials by 
adding two mass points at the end of the interval of orthogonality and obtained some 
of their properties, as the TTRR and the representation as basic hypergeometric 
series. In particular, we have showed that they satisfy a second order linear q- 
difference equation on the lattice x{s) = (y'^ + q~^)/1 (see This equation has 

the form (|2]) but with coefficients that explicitely depend on ra, the degree of the 
polynomials. In general, they will not satisfy a higher order difference equation with 
coefficients independent of n. An example of such polynomials satisfying a higher 
order difference equation with coefficients independent of n was constructed in [26] . 
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